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SUMMARY 


1.  Purpose.  The  purpose  of  this  paper  is  to  demonstrate  and  docu- 
ment the  applicability  of  the  Multivariate  Analysis  System  to  the 
mission  of  analyzing  data  obtained  from  a theater  level  model  impact- 
ing on  air-ground  interactions. 

2.  Objective.  The  objective  is  to  analyze  multivariate  data  gener- 
ated by  the  exercise  of  a theater  level  model.  The  analysis  includes 
means,  standard  deviations,  multiple  regression,  principal  compon- 
ents, rotation  of  axes,  and  canonical  correlation. 

3.  Discussion.  A fractional  factorial  experiment  with  each  factor 
having  three  levels  was  chosen  for  the  analysis.  The  base  value 
for  each  input  variable  was  taken  from  a benchmark  case  provided  by 
a RAND  listing  of  the  TAGS  Model.  Model  design,  factor  inputs, 
outputs,  calculations,  problems,  and  observations  are  discussed  in 
the  paper. 

4.  Observations.  Based  upon  the  analytic  work  developed  in  this 
paper,  the  following  observations  are  provided.  The  problem  of 
analyzing  complex  multivariate  data  is  amenable  to  the  techniques 
which  form  the  Multivariate  Analysis  System.  Analysis  of  correlation 
coefficients  provides  a means  for  reducing  redundancy  in  the  data. 
Multiple  regression  yields  mathematical  functions  which  possess 

good  predictive  capabilities  over  the  range  of  the  original  data. 
Principal  component  analysis,  together  with  the  rotation  of  axes 
provides  a technique  for  viewing  data  in  a different  perspective 
with  corresponding  insights  into  the  data.  The  results  were  con- 
sistent with  expectations. 
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AN  APPLICATION  OF  THE  MULTIVARIATE 
ANALYSIS  SYSTEM  TO  TAGS 


1.  Purpose.  The  purpose  of  this  report  is  to  demonstrate 
applicability  of  the  Multivariate  Analysis  System  to  the  mission 
of  analyzing  data  obtained  from  a theater  level  model  impacting 
on  air-ground  interactions.  To  this  end,  analyses  will  encompass 
the  following  topics: 

Basic  statistics  Principal  components 

Multiple  regression  Canonical  Correlation 

2.  Background.  Theater  Air-Ground  Study  (TAGS)  is  a highly 
aggregated  computer  model  of  air-ground  warfare.  Developed  by 
D.E.  Emerson  of  RAND  in  the  early  1950 's , the  model  has  since 
undergone  extensive  revisions,  modifications,  and  enhancements. 

The  present  design  allows  for  consideration  of  reserve  forces, 
individual  and  unit  replacements,  repair  capabilities,  terrain, 
Surface  to  Air  Missile  (SAM)  and  counter-SAM,  and  prepared 
defenses  in  addition  to  earlier  options. 

3.  Design  of  Experiment 

a.  Assessing  the  Effect.  Initially  six  input  variables  and 
13  output  variables  were  chosen  for  study  because  of  their 
impact  on  air-ground  interactions.  Table  I contains  a list  of 
the  initially  chosen  variables.  In  order  to  assess  the  effect 
of  the  six  impact  variables  on  the  13  output  variables,  a 
sequence  of  runs  of  the  TAGS  Model  was  undertaken. 

b.  Level s . The  six  input  variables  range  through  three 

levels:  a base  value;  a high  value,  given  by  110  percent  of 

the  base  value;  and  a low  value,  given  by  90  percent  of  the  base 
value.  The  base  value  for  each  input  variable  was  taken  from  a 
benchmark  case  provided  by  a RAND  listing  of  the  TAGS  Model. 

Table  II  displays  the  various  values  for  the  six  input  variables. 

c.  Factorial  Design.  Each  level  of  the  six  input  variables 
appears  in  combination  with  each  level  of  all  other  input  variables. 

Consequently,  a full  design  contains  36  or  729  design  points. 

Because  of  the  large  number  of  TAGS  runs  required  for  a full  design 
a more  efficient  design  was  sought.  Investigation  revealed  that 
a 1/9  th  replicate  requiring  81  runs  could  be  performed  without 
extensive  loss  of  information.  Therefore,  the  experiment  was 
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TABLE  I,  Initially  Chosen  Variables  (continued  on  next  page) 


Name 

Description 

Inputs 

1. 

BOIV 

Number  of 

Blue  division  slices. 

2. 

BAC 

Number  of 

Blue  aircraft. 

3. 

8SHLT 

Number  of 

Blue  aircraft  shelters. 

4. 

RDIV 

Number  of 

Red  division  slices. 

5. 

RAC 

Number  of 

Red  aircraft. 

6. 

RSHLT 

Number  of 

Red  aircraft  shelters. 

Outputs 

1. 

FEBA 

FEBA  (positive  for  Blue  advance;  negative  for 
Red  advance) 

2. 

BFTRLOSS 

Number  of 

Blue  fighter-type  aircraft  lost. 

3. 

BATTLOSS 

Number  of 

Blue  attacker-type  aircraft  lost. 

4. 

BBMRLOSS 

Number  of 

Blue  bomber-type  aircraft  lost. 

5. 

BDIVLOSSTOGR 

Number  of 
forces. 

Blue  divisions  lost  to  enemy  ground 

6. 

BDIVL0SS2AI 

Number  of 
forces . 

Blue  divisions  lost  to  enemy  air 

7. 

BTOTGDLOSS 

Number  of 

Blue  divisions  lost  (total). 

8. 

RFTRLOSS 

Number  of 

Red  fighter-type  aircraft  lost. 

9. 

RATTLOSS 

Number  of 

Red  attacker-type  aircraft  lost. 

10. 

RBMRLOSS 

Number  of 

Red  bomber-type  aircraft  lost. 
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TABLE  I,  Initially  Chosen  Variables  (concluded) 


Name 

Description 

Outputs 

11.  RDIVL0SS2GR 

Number  of  Red  divisions  lost  to  enemy  ground 

forces. 

12.  RDIVL0SS2AI 

Number  of  Red  divisions  lost  to  enemy  air 

forces. 

13.  RTOTGDLOSS 

Number  of  Red  divisions  lost  (total). 

TABLE  II,  Input  Values 

Input  Variables 

Low 

Base 

Hiqh 

1. 

Blue  divisions 

15.9 

19.9 

21.9 

2. 

Blue  aircraft 

1997.0 

2496.0 

2746.0 

3. 

Blue  aircraft  shelters 

818.0 

1023.0 

1126.0 

4. 

Red  divisions 

17.2 

21.5 

23.6 

5. 

Red  aircraft 

2440.0 

3050.0 

3355.0 

6. 

Red  aircraft  shelters 

1171.0 

1464.0 

1610.0 

fractionated,  and  a 1/9  x 36  fractional  factorial  design  was  used. 
Table  III  identifies  the  81  design  points.  The  low,  base,  and 
high  values  are  represented  by  0,  1,  and  2,  respectively.  The 
position  of  the  six  digits  identifies  the  six  input  variables. 

For  example,  the  first  design  point  (000000)  is  the  low  value  of 
all  six  input  variables.  Design  point  28  (100110)  is  the  low  value 
of  input  variables  2,  3,  and  6 and  the  base  value  of  input  variables 
1,  4,  and  5.  The  other  design  points  are  read  similarly.  The 
design  may  be  found  in  "Fractional  Factorial  Experiments  Designs 
fo1'’  Factor  at  Three  Levels,"  US  Department  of  Commerce,  National 
Bureau  of  Standards,  Applied  Mathematics  Series  No.  54. 

4.  Reduction  of  Variables.  No  loss  of  information  ensues  if  the 
output  variables  BT0TGDL0SS  and  RT0TGDL0SS  are  deleted  from  the 
analysis.  This  is  true  because  the  information  contained  in 
BTOTGDLOSS  can  be  reconstructed  by  the  variables  BDIVL0SS2AI  and 
BDI VLOSSTOGR.  Indeed  BTOTGDLOSS  = BDIVL0SS2AI  + BDIVLOSSTOGD.  A 
similar  argument  holds  for  RTOTGDLOSS.  The  data  base  generated 
this  way  appears  in  Table  IV.  , 

5.  Graphical  Representation  of  the  Data.  Viewing  graphical 

portrayals  of  the  input  and  output  variables  is  instructive.  These 
graphs  were  generated  by  the  Mul ti-Optioned  Interactive  Display 
and  Analytic  System  (MIDAS),  which  is  not  part  of  MAS.  Figures 
I-VI  represent  the  six  input  variables.  The  three  levels  for  these 
variables  can  be  discerned  clearly  by  distinctive  clusters  in  the 
graphs.  Similarly,  Figures  VII  - XVII  allow  the  analyst  to  observe 
the  range  of  the  11  output  variables  and  do  preliminary  clustering. 
For  example.  Figure  VII  indicates  a clustering  of  cases  into  two 
clusters,  wherein  the  FEBA  gives  a measurement  of  (1)  approximately 
-100  kilometers,  and  (2)  a range  of  -50  to  -70  kilometers.  Figure 
XV  shows  clearly  that  losses  of  red  bombers  fall  into  three  dis- 
tinct clusters:  those  representing  losses  of  approximately  480 

aircraft,  600  aircraft  and  approximately  650  aircraft,  respectively. 

6.  Computations 

a . Basic  Statistics 

(1)  Means  and  Standard  Deviations.  Computations  were 
made  of  the  means  and  standard  deviations  of  variables  in  the  data 
base,  as  listed  in  Table  IV.  Table  V lists  the  means  and  standard 
deviations  for  the  six  input  variables  and  11  output  variables. 

(2)  Correlations.  The  Multivariate  Analysis  System 
computes  and  stores  all  pairwise  product  moment  correlation  coef- 
ficients. For  17  variables,  there  are  289  such  pairwise  correla- 
tion coefficients.  However,  since  the  correlation  coefficient 


TABLE  III,  Design  of  Experiment 
(1/9  Replicate  of  a 36  Factorial  Experiment) 


1. 

000000 

28. 

2. 

112122 

29. 

3. 

221211 

30. 

4. 

000121 

31. 

5. 

112210 

32. 

6. 

221002 

33. 

7. 

000212 

34. 

8. 

112001 

35. 

9. 

221120 

36. 

10. 

201210 

37. 

11. 

010002 

38. 

12. 

122121 

39. 

13. 

201001 

40. 

14. 

010120 

41. 

15. 

122212 

42. 

16. 

201122 

43. 

17. 

010211 

44. 

18. 

122000 

45. 

19. 

102120 

46. 

20. 

211212 

47. 

21. 

020001 

48. 

22. 

102211 

49. 

23. 

211000 

50. 

24. 

020122 

51. 

25. 

102002 

52. 

26. 

211121 

53. 

27. 

020210 

54. 

100110 

55. 

200220 

212202 

56. 

012012 

021021 

57. 

121101 

100201 

58. 

20001 1 

212020 

59. 

012100 

021112 

60. 

121222 

100022 

61. 

200102 

212111 

62. 

012221 

021200 

63. 

121010 

001020 

64. 

101100 

110112 

65. 

210222 

222201 

66. 

022011 

001111 

67. 

101221 

110200 

68. 

210010 

222022 

69. 

022102 

001202 

70. 

101012 

110021 

71. 

210101 

222110 

72. 

022220 

202200 

73. 

002010 

011022 

74. 

111102 

120111 

75. 

220221 

202021 

76. 

002101 

011110 

77. 

111220 

120202 

78. 

220012 

202112 

79. 

002222 

011201 

80. 

111011 

120020 

81. 

220100 
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Table  IV,  Data  Base  (continued  on  next  page) 
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ll26.no 

21  .49 

3355.no 

I464.no 

i ? 

-58.  80 

872.00 

91 u.nn 

621 .nn 

7.  Cfl 

K.40 

1 949.00 

872.00 

86i.no 

in. 41 

6.05 

?1.90 

1 007. 00 

102  3. no 

i7.i® 

?*i  u n*  nn 

1464.00 

1 3 

-70.70 

620.00 

715.n0 

456.00 

8.41 

16.90 

1 35(1.00 

33  4 ,nn 

48n.no 

11.90 

6.06 

15.93'  " 

249:;. Oc 

"1  8. no 

21 .49 

3356.00 

1171.00 

1 1M 

-6  8.  ?n 

94  5.00 

ql  7. on 

6 04  .00 

8.79 

16.10 

! 

1 61  8.00 

457.no 

659.no 

17.30 

7.81 

1 9.  °1 

7 74  6.  on 

I126.no 

23.64 

7050. °0 

1610.00 

15  .'  -5  7.  JO 

852.00 

869.no 

699.00 

7.90 

17.60 

1 9i  1. no 

“34. nn 

60?. on 

1 0.7J 

C .*** 

1 

21.90 

1 o»7.00 

1023. on 

21 .49 

S’ss.no 

16in.no 

I >6 

-99. 4P 

699.00 

7p 4. nr 

sn?  .on 

9.1  8 

16.10 

1 

1 74  7.00 

3*2.  "0 

652.no 

14.55 

1.67 

15.93 

7406.00 

81  R.nn 

23.64 

jncn.nn 

I464.no 

! 

-6  1. 20 

87«.00 

890.90 

689  .no 

7. 95 

16.70 

1 .. 

1 67  3.00 

41 5.00 

Spn."n 

11.66 

*•'5 

.... 

1 9.  91 

7746.00 

1 12S.no 

1 7 . 1 9 

7440.00 

1171.00 

1 * 

-44.40 

605.OO 

682.00 

5n9.nr 

7.7? 

1 ® • 50 

1 

L 

1 679.00 

375.00 

48i.no 

9.01 

10.66 
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''tut  oivs 

PLUr  »/C 

9 A/C  5H5LT 

PED  D I VS 

9FD  A/C 

PtO  A/C  smlt 

P'JN 

rf  *u 

P rT  9 LOSS 

0 »TK  LOSS 

8 

“99  LOS' 

0 GP/C?  LSS 

P 4 T 9/GO  LSS  . 

NO  • 

p r t p lov; 

9 »T«  LOSS 

p 

PMO  LOSS 

9 GD/GO  lSS 

9 A TP/GO  LS 

1 9.P1 

1 °°  7.CC 

1125.00 

71  .89 

3355.00 

1171.00 

1 9 

-91. 10 

56  7.  DO 

788.00 

60?  .00 

9. ’6 

16.70 



1 cu  e.cj  

-9  3.00 

sss.no 

18.78 

7.00  

7 1. 90 

789S.CC 

lH23.no 

23.64 

305n.no 

1610.00 

?_o 

-F2.70 

“0  7.  00 

P7  8.00 

581.00 

7.69 

16.00 

1 580.00 

816.00 

60n.n0 

11.10 

s.OO 

15.°’ 

7 78  6.00 

91  9.00 

1 7 . 1 9 

7880. °0 

18F8.no  . 

?i 

-51.90 

78  7.00 

783.00 

641  .no 

7.85 

19.00 

1 c7  9.00 

373.00 

883  .no 

9.  ’8 

9.P2  _ 

19.  °1 

1 ”°  7.00 

1126.00 

73.68 

3050.00 

l868.no 

?? 

-»7. 70 

iso.  no 

798.00 

899.no 

P.  *7 

IF. 80 

l 8i»  s.no 

378.00 

S97.no 

18.17 

7.F5 

7 1.90 

? 4°  5 * 00 

1023.00 

1 7 . 1 9 

7880.00 

1171.00 

7 3 

-50. 70 

702.00 

683.00 

89o.no 

7.38 

19.60 

1 870,00 

378.00 

886.00 

P.  75 

8.95 

15.93 

7 74  6.00 

81 8.00 

71  .8  9 

3355.00 

lfiln.00 

?“ 

-F  3.  90 

°1  ».00 

979.00 

6s7  .no 

3.03 

1 6 • 10  _ . . 

1 90  9.00 

852.no 

6S9.00 

11.70 

4 *4% 

I 9.  91 

1 Q°7.  00 

U26.no 

17.19 

7880.00 

1610.00 

7 5 

1 

cn 

cn 

• 

a 

61  1.00 

713.00 

8S3.P0 

3. ’3 

16.90 

1 7CC.00 

...  33  3.00 

880. 00 _ . 

11.80 

. ...  £.18 

71.90 

2 89  S.  00 

1023.00 

71  .89 

3356.00 

1868.00 

76 

-so.  or 

92  8.00 

°?i.oa 

605.00 

6.25 

15.80 

177  3.00 

888.00 

658  .00 

1 1 .SO 

9.94 

15. 9J 

? 5*  no 

. 81  9.00 

73.68 

3050.00  . 

1171.00  .....  . 

71 

-58.  00 

’70.00 

«3  7. no 

588  .00 

7.C7 

17. SO 

1 °00.00 

88  9.0c 

603.00 ... 

1 0*?  1 

19.91 

1 997.00 

"1  9.00 

71  .8  9 

3n50.no 

... 

1171  .00 

7 9. 

-9H*C0 

^4.  00 

788.00 

507.00 

3.88 

IF. 80  . 

1 81  7.00 

365.00 

S9fi.no 

18.65 

7.16 

71.90 

7 87  s.  00 

1176.00, 

73.68 

744n.no 

1610.00 

7 a 

-55.90 

737.no 

774.00 

6o7.no 

7.78 

17.70 

1831.00 

35  o.no 

88s.no 

p.sn 

8.11 

rsT^y 

2 74  5.00 

102  3.00 

17.19 

3755.00 

1868.00 

yn 

-52.70 

*R  5.00 

928. on 

679.00 

7.93 

IF. AO 

1 976.00 

869. on 

660.00 

11.16 

6.FS 

1 9.  91 

1 00  7.00 

91  9.00  . 

73  .68 

744  n.-^r* 

1868.00 

3 ! 

-6  5. 80 

64  6.00 

782.00 

87n.no 

9.85 

16.60 

1 70  6.  OC 

377.00 

879.no 

1 ■>.  75 

8.79 

?r.  °o 

2 8°  s.  00 

1126.00 

1 7 . 1 9 

33SS.rn 

1171 .00 

3 1 

-G1.70 

900.00 

868.00 

67fi  .00 

7*74 

16  .no 

1 “38.00 

870.00 

661  ."0 

10.97 

s.ns 

1 5. 9' 

7 78  6.00 

1073.00 

71  .89 

7n5n.nn 

1610.00 

3 * 

-56.  00 

°6  i.  ro 

“8 1.00 

606.00 

7.68 

17.10 

1 79  2.00 

837.00 

6ni .nr 

in. *7 

5.5* 

1 9.91 

1 “9  7.n0 

°1 9.00 

1 7 . 1 9 

3 ’5 5. no 

ifiio.no 

3* 

-1  1 8.  30 

761.00 

788.00 

5r?.nn 

P.  ’1 

16.10 

1 ’8  7.00 

328.00 

689.no 

1 9.86 

1 .’0 

71.°0 

28°6. OC 

1176.00 

71  .8  c 

7p5n.no 

1454  *nn 

3 6 

-62. 00 

7R  4.  CO 

985.00 

668 .no 

9 , n6 

17.30 

1 ’3  i.oo 

876.00 

6ni  .ro 

ll.fi’ 

6.68 

15.93 

2 74  6.00 

1 n2  3. on 

73.68 

7440.00 

1171.no 

3s 

-5  3.  30 

79  9.  CD 

590.  or 

618.00 

7.89 

19.90 

1679.00 

375.00 

8f3.no 

3.86 

10.51 

7 


Table  IV,  Data  Base  (continued  on  next  page) 


*L  llE  0 TV  9 

PLUr  »/C 

8 A/C  SHFLT 

»cn  0 1 vs 

PFC  A/C 

PCD  4/c  SHLT 

PUN 

EE  9* 

P “TP  LOSS 

“ 8 T K LOSS 

9 

°P9  LOSS 

“ GD/pn  LSS 

9 AIP/GD  LSS  _ 

«IO  • 

9 rT  P LOSS 

P AT  K LOSS 

3 

BMP  LOSS 

p GO/GD  lSS 

P AlP/GO  LS 

19. ?1 

1 °0  7.00 

1125. no 

71  .49 

* x 5 5 • nn 

1171.00  _ 

1 9 

-99.  10 

567.00 

784.n0 

*o?.no 

9.7fi 

16.70 



. 1 “4  S.CC  .... 

393.00  . 

555.00 

14.78  . . 

_ - 7. on 

7 1.90 

7495.00 

1023.no 

23.64 

3n50.no 

1610.00 

7 0 

-P2.70 

“0  7.00 

“78.no 

58l.no 

7.69 

IS. 00 

1 580.00 

416.00 

6oo.no 

11.10 

c .no 

15.93 

2 74  5.00 

“1  p. no 

1 7 . 1 9 

7440. "0 

1464 .00  , . 

?i 

-51. »0 

78  7.00 

74  3.00 

541 .no 

7.46 

19.00 

1 “7  9.00 

373.00 

483.00 

9.38 

9.62 

19.91 

1 997.00 

1126.no 

73.64 

3nS0.no 

1464.00 

?? 

-97.  70 

CEO.  00 

7p4.nn 

499 .nn 

9.77 

16.80  _ 

1 44  5.00 

374.no 

597  .no 

14.17 

7.65 

71.90 

74=5.00 

1023. no 

l7.l9 

?44n.nn 

H7i.no 

2 3 

-5  C. 70 

70  7.  00 

683.00 

49n.no 

7.78 

18.60 

1 579.  00 

374. or 

4?3  .00 

8.85 

1 5.93 

2 74  5.00 

818.00 

71  .49 

3755.no 

lcin.oo 

7- 

-P  3.  90 

°1  00 

97  9,  on 

657  .on 

8.03  . 

16. IP 

1 809.00 

452.00 

659  .no 

11.70 

4.44 

19.91 

19=7.00 

1126.00 

17.19 

7440.00 

1610, CO 

25 

-6  5. 30 

51 1.00 

713.00 

453.00 

8.73 

16.90 

1 75  C.  00 

33  3. Q0„ 

480.0C  . 

11.80  _ _ 

5.18 

21.90 

7 495.00 

1023.00 

71  .4  9 

3355.00 

1464.00 

76 

~8u»  00 

82  4.00 

921.00 

60S. 00  ... 

6.25  _ 

16.40 

1773.00 

444.no 

658 .no 

1 l.“0 

15.93 

7 74  5.00 

pi“.no 

73.64 

3050. OD  . 

1171.00. 

77 

-54.00 

“70.00 

837.00 

588.00 

7.67 

17.50 

1 “00.00 

44  8.  QC-_- 

603. DC 

10.71 

7.79 

19.91 

1 “97.00 

81  8.00 

71  .49 

3nsn.no 

1171.00 

78 

-99. 00 

5“  4.  00 

784.00 

507.00 

9.44 

IP.  80.  __  . 

1 41  7.  00 

365.00 

696.00 

14.65 

7.16 

71.90 

7 4=6.00 

1126. nn. 

7S.G4 

744n.nn 

lPin.oo 

79 

-55.90 

73  7.00 

724. no 

6q7 .no 

7.78 

17.70 

1 “71.00 

3“ 9. no 

483. no 

8.11 

1 63 

7 74  5.00 

I523.no 

1 3 . 1 9 

3355.00 

1464.00 

*0 

-P2.7D 

88  5.00 

928.no 

679.00 

7.97 

16  .80 

1 “25.00 

468.nn 

660.00 

11.16 

6.65 

19.91 

1 °“7.00 

81 8.nn  . 

77.64 

74un.r,r> 

14*4. nn 

3 1 

-65.  40 

54  5.  00 

742.00 

47n.no 

8.45 

16.60 

1 70  5.00 

377.00 

479  .no 

1 7. 7f 

4.79 

" ?T.  90 

'7  49  5.00 

1126.no 

1 3 .1  9 

3755.00 

1171.00 

3? 

-61.70 

“00.00 

86  ».00 

676 .no 

7.74 

1S.0C 

1 “3  “.00 

47n.no 

661 .00 

10.97 

6.09 

1 5.  <*3 

7746.00 

1073. nn 

71  .4? 

^p^n.nr 

1610.00 

3? 

-56.00 

“P  3.  CO 

“8 l .no 

606 .00 

7.68 

17.10 

1 79?.=0 

477. nn 

601 .nn 

10. “7 

6.58 

1 9.9l 

1 “9  7.n0 

PI “.no 

l7. 19 

3755.00 

1610.00 

79 

-114.30 

751.00 

784.no 

507.00 

9.7^ 

15.10 

1 ’4  7.C.C 

374.no 

S4Q.nO 

1 

t .70 

71.00 

7 4“  6.  no 

1126.00 

71  .4  5 

*n«in.nn 

i4P4.no 

39 

-67.  CO 

784.00 

“45.00 

“64.no 

8.95 

17.30 

I’M.  00 

476.00 

6ni  .or 

11.67 

. 

19.03 

7 74  c. 00 

1923.00 

73.64 

7440.00 

H7i.no 

'6 

-5  3.  ir 

7=  9.  CO 

68  “.OP 

6i4.no 

7.49 

19.30 

lS79.no 

375.00 

483.no 

8.86 

10.51 
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oil  V 
MO  • 

37 

T8 

3 9 

no 

4 1 
4? 
4 7 
4 4 
4 6 
46 
4 7 
4 <1 

49 

50 

51 
6? 
53 
4 4 


ain£  Divs  “ 

pl  nr  »/c 

B A/C  6HCLT 

PED  DIVS 

PfO  4/C 

pep  a/c  shlt 

rr  p# 

R rro  LOSC 

9 *TK  L05S 

R 

R“P  L 0 6 6 

9 GD/GD  L 65 

9 a!°/GD  LSS 

0 ft'  LO  66 

» »TK  LOSS 

Q 

8MP  L 066 

0 GO /GO  lSS 

P A I P/GO  LS 

15.93 

1 o°7.0C 

1023.no 

]7.l9 

3**15.  HO 

1171 .00 

-9°. no 

686.00 

784.00 

co?.no 

a.’J 

16.00 

i 4°i.no 

377.no 

654  .00 

14.26 

1.79  . 

1 9.  91 

2496.00 

81 8.00 

21  .49 

3050.00 

16in.no 

— 6 1.  ?C 

9*0.00 

9n  7 , 00 

6°8 .no 

7.39 

15.80 

161 9.00 

40  7,  on 

699.00 

11.66 

4.27 

?i.«r 

2 74  6.00 

112e.no 

73.64 

244n.P0 

1464 ,00  . 

-4  8.70 

74  7.  CO 

716.00 

676.00 

7.31 

19.10 

1 679. CO 

375.00  

483.rD 

9.32  . 

9.91 

15.93 

1 9*7.00 

1023.00 

71  .49 

3050.00 

i4K4.no 

-90.  PC 

R65.no 

78  4.00 

501 .00 

8.68 

IS.  90 

1 40  1 . 00 

364.00 

596.00 

1 3.46 

2.  38 

1 9.  91 

7 4°  6. 00 

818.00 

73.64 

?44n.no 

1171.00  

-5  1.  CO 

735.00 

7o4. on 

501 .00 

7.46 

is.  no 

1 67  7.  00 

370.00  . 

483.PP  ... 

9.91  . 

S . 26 

21.90 

7746.00 

1126.00 

17. 19 

3355.00 

1610.00 

-66.  8C 

877.00 

'■35.00 

63?  .no 

7.87 

16,40 

1 890.00 

465.00 

660.no 

10.80 

5.67 

15.93 

1 OQ  7 . 00 

1023. on 

73.64 

16in.no 

-61.10 

623.00 

726.00 

460.no 

7.84 

16.90 

1 534.00 

330.00 

47°  .no 

11.17 

4.81 

1 9.  °i 

240^.00 

8l8.nc 

17.19 

3355.00 

1464.no 

-85.90 

96  7.00 

97  9.00 

6 j7  .00 

A.  *4 

15.80 

1672.00 

42  7.00 

657.00 

17.80 

7.19 

7 1.90 

7 74  5.00 

1126.00 

71  .49 

3050.00 

1171.00 

-52.60 

826.00 

799.n0 

S67  .00 

7.50 

16.70 

1 94  5.  QO 

466.00 

604  .no 

8 . 7 J 

8.07 

21.90 

1 00  7.00 

1126.00 

73.64 

7440. "0 

1171.00 

-67.00 

6"  1 . 00 

66  8.00 

433.no 

8.3? 

17.80 

1 44  9.00 

347.00 

481 .00 

11.91 

5.9? 

1 5.93 

7 40  6. 00 

1023.00 

1 3 . 1 9 

3365.00 

1610.00 

-6  7.20 

82  ».00 

92  8.00 

61?. no 

7.96 

16.50 

1 70  fi.OO 

432.00 

658.00 

n.Q0 

7.65 

19.91 

2746.00 

81 8. no 

71  .49 

3050.00 

I4fi4.no 

-5  9.  no 

89?.  DC 

89  9.00 

oil  .nn 

7.59 

16.80 

1 797.00 

433.00 

so? .on 

10.54 

6.30 

21.90 

1 9°  7. 00 

1126. nn 

1 7 . 1 9 

3365.no 

1464.no 

-114. 10 

676.00 

784.00 

607.00 

9.40 

15.90 

1 44  J.  CC 

35  S. 00 

664 .on 

14.09 

1 .79 

1 6.93  ~ 

“7  40.;;  00 

lC23.no 

21  .49 

3050.00 

1171.00 

-60. 10 

79  8.0C 

814.00 

66] .nn 

8.01 

17.  sn 

1 930.00 

437.00 

602.00 

11.38 

6.1* 

19.91 

7 74  R.CC 

81  8.00 

23.64 

2440.00 

I6jp.no 

-52.90 

p0  4.  GO 

755.00 

547 .00 

7.46 

18. »0 

1 57  j.  or 

36  8.  on 

483 .00 

9.46 

9.41 

21.90 

1 OQ  7.00 

1126.00 

71  .49 

3050.00 

1c1n.no 

-97.70 

56  7.00 

794.00 

sni  .nn 

<*•14 

16. IP 

1 79  7.00 

363.00 

696.00 

13.66 

2.46 

1 5.03 

7 404.  OC 

1023.00 

?^.fi4 

7 4 4 n. nP 

1464 .no 

-55.80 

84  1.00 

722.no 

607 .00 

7.38 

17.60 

1 6-r;.op 

361. OP  

4°3.on 

9.6  1 .. 

. 8. 0.7  .. 

19.91 

2 74  6.00 

81 8.00 

l7  .1  9 

3356.00 

1171.00 

-6  7.00 

°r?.oo 

912.00 

6?4 ,pp 

7.»P 

je.*n 

1 °8  4. 00 

477.00 

661 .00 

11.13 

jy 

9 

~e 
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8L3IE  0TV5 

our  c 

9 »/C  SHEL7 

RED  DlVS 

REB  */C 

RED  »/r  smlt 

f(IM 

Fre« 

8 rT8  LOSS 

8 *TK  LOSS 

9 

““R  LOSS 

0 GD/nO  LSS 

8 * I R/GD  LSS 

• 

P rT  P lOFF 

R »T4  LOSS 

P 

990  LOSS 

9 GD/G9  lSS 

R 8IR/G0  L 5 

?i.ar 

1 997. CD 

“1  ». no 

23.64 

3356. nn 

1171.00 

ss 

-97. OQ 

730. CO 

784.no 

50?  .00 

9.70 

I6.no 

1 77  1.00 

3«9.no  . 

s5?  .00 

14.66 

1.44 _ 

IS.  93 

7 49  6.00 

1126.00 

1*  .1  9 

3n5n.no 

I6in.no 

?6 

-61.00 

78  8.  DO 

864.n0 

673 .on 

7.60 

is. 3n  

1 70  6.00 

«2n.no 

GOO. 00 

in. 95 

6.39 

19.  Q1 

7 74  c.  DC 

1073.00 

21.49 

2440.00 

1464.00  . 

57 

-96.60 

75  7.  CO 

72s.no 

631 .no 

7.73 

1 8 .40 

l 579.  on 

. *75. OO  . .. 

4P3.00  . 

. .8.73 

. 8.71 

21.90 

l 947.00 

81 ». no 

1 * .1  9 

3nsn.no 

I464.no 

£9 

-94.90 

794.00 

*84.00 

502.00 

8.96 

16.20 

1 30  7.00 

*36. no 

594 .nn 
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1023. 00 
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1610.00 

si 

-64. 80 

650.00 
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s? 
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no 
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452.no 

Gs9.nn 

11.87 
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17.19 
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S3 
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-55.40 
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94  8.nn 

s89  .nn 
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17.30 

1 >>6  4.  CO 

44n.nn 

603.00 
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7.31 

1 9.  91 

1 99  7.  00 

1023. nn 

23.64 

3356.no 

1 u f 4 * on  . 

67 

-114.40 

695.00 

784.00 

502.no 

9.41 

16.60 

1 79J.0C 

*52.00 

653. on 

14.06  _ 

1.6  5 

21.00 

7 486.00 

81  ".00 
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3050. no 

1171.00 

6“ 

-58. CO 

91  4.  CO 

845.00 

568.00 

7.63 

16.20  

1 789.00 

431.no 
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10.93 

5.35 
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7 74  6.0C 
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i6in.nn 
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-46.  40 
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531  .no 
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18.40 
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1 °97. CO 

1023. an 
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4.7P 
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14F4  .nn 

71 

-55.  ro 

766.00 
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6l9.no 

7.36 

17.30 

1 rl  4.0C 

35  7.no 

48?. nn 

10.07 

7.34 
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11  71 .00 

77 

-56. c0 

86  7.  CO 
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2 05  5.  CO 

48  7.00 
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6.89 
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Table  IV,  Data  Base  (concluded) 


"UlC  0 Tv  5 

RLU*-  A/C 
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960  A/C 

REC  A/C  SHLT 

PUN 

8 FTP  LOSS 
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8 GO /PO  L*S 
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NO  • 

9 CT  ° LOSS 

9 »TX  LOSS 

9 BMP  LOSS 
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17.15 

1 i7i.no 

7T 

-9  0.  00 

54  3.00 

784.no 

497.00 

8.99 

16.80 

1 55  5.  00 

394.00 

598.00 
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7.15 

19.91 

2 49  5.00 
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7440.00 

1610.00 

74 
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74  9.00 

734. on 
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7.79 

17.50 

1 rl  9.00 

357. no 

483.no 

9.6? 

7.88 
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7 74  6.00 
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I454.no 

75 

-6  3.00 

9i  t.  no 

96n.no 

647  .no 

8.39 

17.40 

1 969.00 

461. nn 

6pn.no 

17.66 

4.79 

15.93 

1 Q9  7.  CO 
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71  .49 

7440.00 

I464.no 

75 

-67. 90 

608.00 

70  3. on 

448 .no 

8.71 

17.10 

1 375.00 

336.00 

480.no 
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6.35 

19.91 

74»5.00 

1023.00 
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J355.no 

1171.00. 

77 

-6  3.70 

91  5.00 

884.no 

586.00 

7.96 

16.70 

1 90  3.  00 

_ 86S.no 
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11.67  _ 

4.61 

21.90 

2 74  5.00 

81 8.00 

17.19 

3nsn.n0 

l6io.no 

7* 

-6  0.  30 

89  7.00 

9n  9.  on 

671.00 

7.52 

16.60 
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601  .no 

10.63 

6.90 
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3355.00 
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79 

— 114.  40 

679.00 

784.no 

so7.no 

9.41 

16.70 

1 TO  4.00 

353.00. 

653.no 

14.06 

1 .71 

19.91 

2 49  5.00 

1D23.00 

1 7 . 1 9 

jnSn.nO 

1464.00 

PO 

-60.50 

79  7.00 

p6n.nn 

577 .on 

7.07 

16.90 

1 7?  7.  00 

423.00 

6on.no 

11. S7 

6.3S 

71.90 

7 74  5.00 

81  *>. no 

71  .4° 

7440. nn 

1171.00 

8 1 

-52.  80 

736.00 

7o4.no 

623.00 

7.47 

1°.10 

1 679.  00 

375.00 

483. on 

8.91 
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Figure  XVI,  Red  Division  Losses  to  Ground 
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Table  V,  Means  and  Standard  Deviations  for  17  Variables 


TEST 

ME  AN 

S .D  . 

PL  LE  D IV 

1 9.  24  7 

2 .4  =2 

PL  UE  T CT  A/C 

2 41  I.  CD  D 

311  .355 

PL  A /C  ShLT 

,98  9.  CD  C 

1 2F  .0  18 

RE  D Cl  V 

2 D.  77  3 

2 .6  82 

RED  TOT  A/C 

2 94  3.  35  3 

3 30.401 

RED  A/ C SHLT 

1 41  5.  CD  C 

1 e2  .5-39 

FE  3A 

-6  9.  C4  f 

15.4  64 

BFTR  LCSS 

76  2.  29  6 

86  .725 

B AT  T LO  SS 

3D  7.  19  8 

82  .3  70 

p m R LO  SS 

54  2.  95  1 

56  .5  60 

PD  IV  LO  SS  TO  GR 

a.  C8  5 

.6  86  _ _ 

3D  IV  LC  SS  2 A IK 

2.  44  3 

.7  10 

R FT  R LO  SS 

1 61  8.  66  7 

2 11.9  80 

R AT  T LO  SS 

35  6.  17  3 

47  .4  86 

R BM  R LC  SS  _ 

57  9.  58  C 

73  .0  39 

RD  IV  LC  SS  TO  GR 

11  1.  46  7 

1 .7  43 

RD  IV  LO  SS  2 A IR 

5*  45  2 

2 .5  59 
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matrix  is  symmetric,  only  the  upper  triangular  portion  of  the 
matrix  is  required  in  order  to  impart  information  inherent  in  the 
whole  matrix.  Thus,  only  153  correlations  need  reporting,  a sav- 
ings of  47  percent  in  storage  and  reporting  costs.  In  general  the 
savings  is  (n-l)/(2n)  x 100  percent,  where  n is  the  number  of  vari- 
ables in  the  data  base.  Table  VI  lists  the  upper  triangular  por- 
tion of  the  correlation  matrix  for  six  input  variables  and  11  output 
variables.  Usually  of  greater  interest  is  the  examination  of  those 
pairs  of  variables  having  high  correlations.  Table  VII  lists  pairs 
of  variables  having  correlation  coefficients  whose  absolute  value 
exceeds  80  percent. 

b.  Multiple  Regression 

(1)  Criterion  or  Dependent  Variable.  Frequently,  a need 
arises  to  predict  or  "explain"  variation  in  values  of  one  variable 
by  considering  variation  in  values  of  several  other  variables.  The 
variable  whose  value  is  predicted  is  known  as  the  "criterion"  or 
"dependent"  variable;  the  other  variables  are  known  as  "predictor" 
or  "independent"  variables.  A multiple  regression  equation,  an 
extension  of  the  regression  technique  used  to  analyze  a pair  of 
variables,  is  derived  by  applying  the  Least  Squares  Principle. 

This  principle  seeks  the  minimum  sum  of  squared  deviations  of  the 
predicted  value  of  the  criterion  variable  from  the  actual  value 

of  the  criterion  variable. 

(2)  Delineators.  The  program  displays  the  determinant 
of  the  correlation  matrix,  the  multiple  correlation  coefficient, 
the  square  of  the  multiple  correlation  coefficient,  and  the  beta 
(net  regression)  coefficients.  The  program  also  displays  the  F- 
value  and  degress  of  freedom  for  a test  of  statistical  significance. 
In  addition,  for  each  predictor  variable,  the  program  displays: 

(a)  R-Sguared.  The  square  of  the  regression  coeffi- 
cient. 

(b)  Correlation.  The  correlation  between  the  predic- 
tor variable  and  the  criterion  variable.  This  is  displayed  in  the 
column  labeled  R(CRIT). 

(c)  Product.  The  product  of  the  regression  coeffi- 
cient and  the  predictor-criterion  correlation,  a measure  of  the 
contribution  of  the  predictor  variable  to  the  regression  equation. 
This  is  displayed  in  the  column  labeled  BETA*R. 

(d)  Ratio.  The  ratio  of  the  predictor-criterion 
correlation  coefficient  to  the  multiple  correlation  coefficient 
is  displayed  in  the  column  labeled  STRUC  R.  The  program  also 
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Table  VI,  Upper  Triangular  Correlation  Matrix 


Table  VII,  High  Correlation  Variables 
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CO  R. 

B ET  UE  EN 
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RA  a 
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3 FT 

aL  tN 
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AN  D 

B ATT 

LOSS 

T 

. 31 

RA  a 

CO  R. 

BET 

aE  EN 

RED  T CT  A/C 

AN  D 

R 6w-> 

LOSS 

Pi 

. DO 

RA  a 

CO  R. 

BET 

a"  EN 

F E3  A 

AN  C 

3D  I VLO 

SS  TO  GP 

z - 

. 3 S 

RA  a 

CO  P. 

BET 

aE  EN 

FEB  A 

AN  D 

BDIVLCSS2A  IS 

z - 

. 30 

RA  a 

CO  R. 

BET 

aE  EN 

FEB  A 

AN  0 

RD  IVLC 

SS  T 0 Gc 

z - 

. 91 

RA  a 

CO  R. 

BET 

*E  EN 

F Efc  A 

AN  0 

RD  IVL0SS2A  IP 

- 

. 86 

X) 

CO  R. 

BET 

aE  EN 

£ FT  R 

LOSS 

AN  C 

3 ATT 

LOSS 

z 

. 91 

RA  • 

CO  R. 

BET 

aE  E N 

"r  FT  R 

LOSS 

AN  0 

3 B^R 

LOSS 

r 

. 96 

RA  a 

CO  R. 

BET 

aE  EN 

EFT  R 

LOSS 

AN  D 

R FTR 

LOSS 

z 

.89 

RA  a 

CO  R. 

E ET 

aE  EN 

E FT  R 

LOSS 

AN  0 

» ATT 

LOSS 

Z 

. 34 

RA  * 

CO  R. 

BET 

aE  EN 

E A TT 

L CS  S 

AN  C . 3 8’-*  fi 

LOSS 

z 

. 91 

RA  a 

CO  R. 
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aE  EN 
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AN  D 

R BBS 

LOSS 

z 
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z 
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LO  SS 
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RA  a' 

CO  fi. 
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aE  EN 

f 01  VL  CS  ST  06R 
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z 

. 84 

RA  a 

CO  R. 
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aE  EN 

b Cl  VL  CS  ST  OG  R 
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RC IVLO 

SS  TO  GP 

z 

. 96 

RA  a 

CO  R. 

BET 

aE  en 

£ Cl  VL  CS  ST  OCR 

AN  D 

RD IVLO SS2A  IS 

-- 

. 37 

RA  a 

CO  R# 

BET 

aE  EN 

e 01  VL  CS SZ  AIR 

AN  C 

RC  I V LOSS  TO  Gp 

z 

. 33 

RA  • 

CO  e. 

BET 

aE  EN 

£ Cl  VL  OS  S2  A I R 

AN  0 

RD I VLOSS  2A  IP 

r - 

.95 

RA  W 

CO  R. 

BET  aE  E N 

R F TR 

L OSS 

AND 

R ATT 

LOSS 

- 

. 97 

RA  V 

CO  R. 

B ET  WE  EN 

R 01  VL  CS  ST  OGR 

AN  D 

RDIVLOSS  2A  It 

. 95 
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displays  beta  coefficients  as  they  are  for  standardized  data.  The 
standardized  beta  weights  are  considered  adjustments  for  the  fact 
that  the  predictors  and  criterion  variables  may  have  come  from 
different  distributions.  Thus,  the  standardized  beta  weights  give 
the  user  another  measure  of  the  relative  contributions  of  the 
predictor  variables  to  the  regression  equation.  These  weights  are 
displayed  under  the  heading  of  WEIGHTS. 

(3)  Demonstraoil ity.  To  demonstrate  capability  of  the 
Multivariate  Analysis  System  in  this  area,  the  decision  was  made 
to  regress  each  output  variable  against  the  six  input  variables. 
Thus,  there  are  11  multiple  regressions  - one  for  each  output 
variable.  Results  of  the  multiple  regressions  are  displayed  in 
Tables  VIII  - XVIII. 

(4)  Explanation.  For  explanatory  purposes,  Table  VIII 
is  summarized  below: 

Regression  equation 

FEBA  = -98.146  + (-.011)  (Blue  Divisions)  + (.745)  (Blue 
Aircraft) 

+ (.085)  (Blue  Aircraft  Shelters)  + (-.01)  (Red 
Divisions) 

+ (-.512)  (Red  Aircraft)  + (-.104)  (Red  Aircraft 
Shelters) 

Multiple  R = 0.914 

Multiple  R^  = 0.836,  meaning  that  83.6  percent  of  the  variance 
in  the  original  data  is  preserved  (or  accounted 
for)  by  the  regression  equation. 

c • Principal  Components 

(1)  Parameters.  Analysis  involving  intercorrelations 
among  variables  must  contend  with  parameters  for  the  P means,  the 
P variances,  plus  the  correlations.  All  together  there  are  (P+3) 
P/2  of  the  parameters  to  be  estimated  and  interpreted.  For  even 
moderately  sized  P,  this  can  be  a large  number.  For  example,  if 
P = 15,  there  are  135  parameters.  If  P = 25,  there  are  350 
parameters  to  estimate  and  interpret.  In  the  special  case  that 
the  variables  are  uncorrelated,  there  are  only  2P  parameters  (P 
means  and  P variances).  In  the  example  above  if  P = 25,  there 
are  now  only  50  parameters  (instead  of  350)  to  be  estimated  and 
interpreted.  Moreover,  a host  of  mathematical  and  statistical 
techniques  become  much  more  simpler  in  the  uncorrelated  case. 


Table  VIII,  Multiple  Regression  for  Dependent  Variable  FEBA 
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C'-r,rvr'rVT  v»RT»RLr  IS  rr?A 

AnD 
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B PT  As  0 
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STRUC  R 
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.000 
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. SSS 

.745 

.555 
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.00  7 ... 

.085 

.007 

.OBJ 

PFD  OIV  -.ClC 

.000 

-.010 

.000 

-.011 

or r TOT  */r  51 2 

. 76  2 

-.517 

.767 

-.560 

o FO  A/C  FWLT-.  JO  4 

.01  1 

-.10* 

.011 

-.11* 

°L Ur  Dlv 
PL  Ilf  TOT  A /C 

a/c  sm  t 

RF  0 DIV 

_oFr  tot_a/C 
Pr'n”*  /'c 
: ■.  t l = c f p 


^085 

* /C  .0  47 

ML  T .0  1? 

' -.0  76 

A/C -.0  76 
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Table  IX,  Multiple  Regression  for  Dependent  Variable  BFTRLOSS 
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.000 
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.013 
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.7  78 
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Table  X,  Multiple  Regression  for  Dependent  Variable  BATTLOSS 
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Table  XI,  Multiple  Regression  for  Dependent  Variable  BBMRLOSS 
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Table  XII,  Multiple  Regression  for  Dependent  Variable  RFTRLOSS 
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Table  XIII,  Multiple  Regression  for  Dependent  Variable 
RATTLOSS 
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Table  XIV,  Multiple  Regression  for  Dependent  Variable 
BDIVLOSSTOGR 
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Table  XV,  Multiple  Regression  for  Dependent  Variable 
BDIVL0SS2AIR 
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Table  XVI,  Multiple  Regression  for  Dependent  Variable 
RBMRLOSS 
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Table  XVII,  Multiple  Regression  for  Dependent  Variable 
RDIVLOSSTOGR 
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Table  XVIII,  Multiple  Regression  for  Dependent  Variable 
RDIVLOSSTOAI 


Sxs  ▼ x ? 

LT  IP  L?  r OR  pf  L * TI  ON  r r,  R 7 VARIATES  AnD  81  OBSERVATIONS 

O'-oFnCFNT  _ jjDjnir  is  ROT  VL  OS  S?  A J p 
of  tF  dm  In  A V T = . 10000*01 

“IILTIPLc  p-S  Oil  ARE'  = .988 

wtlLTlPLF  p r .051* 

p.  r rp  analysts  dr  v *rtance  on  r - Toie  ~6  if<*  — 


N • 0 • F • 1 — 6. 

N.C.E.2  = 

74. 

op  rD TC  T 6"p 

B rT  A 

B FT  AS  Q 

R (CPI  TI  ' 

fFta.r  " 

S T°UC  R 

Bl  l|F  Civ 

. OP  5 

. ODO 

- • 0 0 T 

• onn 

— . 004 

1 

RL  l)E  TOT  A /C 

.^2  5 

. 527  ' 

.726 

.527 

.770 

°l  A/r  SMLT 

. 1<*5 

.021 

.1*5 

_ .021 

.145  ! 

reo  niv 

. 00  3 

"icoo 

-.003 

.000 

-.003  " | ' 

pro  -pot  a/c  - 

• F4  7 

.418 

-.647 

.4  1? 

-.Fsn 

rEO  aV'C  SHLT- 

. 1*  7 

.022 

-.1*7 

.0  22 

“.148  ! 

vr  tghts 

\ 

°i  ur  o iv 

- 

.P04 

c 

blue  tot  A/e 

.006 

» 

j 

■u  A/C  SHIT 

.0  03 

or o niv 

- 

.003 

pp o tot  a/c 

- 

• P P4 

or1  A/c  SULT 

- 

.002 

IVTFDrrPT  CONSTANT 

r *i  .05s 

44 


(2)  Data  Transformation.  Generally,  original  data  is 
correlated.  The  correlation  can,  however,  be  removed  by  applying 
a suitable  transformation.  This  is  precisely  what  principal 
components  does.  The  first  principal  component  is  that  normalized 
linear  combination  (i.e.,  sum  of  squares  of  coefficients  equals  one) 
of  the  original  variables  having  maximum  variance.  The  second 
principal  component  is  constructed  as  a dimension  uncorrelated  with 
the  first  principal  component  which  has  maximum  variance.  The  process 
continues  until  there  are  no  more  uncorrelated  dimensions  to  construct. 
Geometrically,  this  is  equivalent  to  finding  the  line  so  that  the 
sum  of  squared  distances  is  minimized  from  the  data  points  to  the 
line. 


(3)  Virtues.  Principal  components  may  have  the  virtues 
of  parsimony,  orthogonality,  increased  reliability  and  increased 
normality  over  the  observation  measures  from  which  they  are 
derived.  Principal  components  reveal  not  only  how  several  measures 
of  a domain  can  be  combined  to  produce  maximum  discrimination 
among  individuals  along  a single  dimension,  but  also  that  several 
dimensions  are  required  to  define  the  domain  under  investigation 
adequately. 

(4)  Factors.  Besides  generating  a full -rank  set  of 
principal  component  factors,  the  Multivariate  Analysis  System 
provides  eigenvalues  and  eigenvectors  for  the  correlation  matrix 
as  well  as  the  fractions  of  the  total  variance  accounted  for 

by  each  factor.  Also  available  are  the  factor  score  coefficients 
for  each  variable,  ghe  inverse  of  the  correlation  matrix,  and 
the  factor  pattern  matrix.  Since  all  work  by  the  Multivariate 
Analysis  System  is  for  a set  of  orthogonal  factors,  the  factor 
pattern  matrix  is  the  same  as  the  factor  structure  matrix,  each 
of  which  is  the  matrix  of  correlations  between  the  set  of  factors 
and  the  set  of  selected  variables. 

(5)  Coordinate  Transformation.  Subsequent  to  determining 
the  principal  components,  the  analyst  may  want  to  recast  the 
problem  at  hand  into  a different  coordinate  system.  The  reason 
for  this  is  that  the  coordinates  of  a point  depend  on  the  location 
of  that  point  relative  to  the  origin  of  the  coordinate  axes.  There- 
fore, changing  the  location  of  the  origin  alters  the  coordinates 

of  the  point.  The  usual  transformation  of  coordinate  axes  uses  is 
a "rotation"  or  "orthogonal  transformation".  The  object  is  to 
simplify  the  principal  components  to  make  them  more  easily 
interpretable. 


(6)  Comparison.  The  quartimax  method  maximizes  variance 
of  squared  factor  loadings,  while  the  varimax  simplifies  columns, 
rather  than  rows,  of  the  factor  pattern  matrix.  In  general,  the 
varimax  method  makes  it  earier  for  the  user  to  name  the  resulting 
factors;  the  quartimax  method  permits  the  user  to  understand 

the  impact  of  the  variables  upon  the  factors. 

(7)  Incompressibility.  Table  XIX  shows  a principal 
components  program  done  on  the  six  input  variables.  The  fact 
is  known,  from  the  original  experimental  design,  that  original 
inputs  are  formed  on  uncorrelated  groups  of  variables.  Thus, 
a principal  components  exercise  should  not  develop  any  new 
information.  The  results  in  Table  XIX  confirm  this.  The  fact 
that  each  factor  has  an  associated  eigenvalue  equal  to  one 
indicates  that  each  factor  contains  exactly  the  same  percentage 
of  information  as  the  original  variables.  Additionally,  the 
factor  pattern  matrix  contains  high  values  in  each  column.  This 
indicates  again  that  the  information  contained  in  the  original 
six  variables  cannot  be  compressed  into  fewer  than  six  dimensions 
without  a serious  loss  of  information.  This  is  further  illustrated 
by  the  "sphericity"  test,  a test  of  the  null  hypothesis  that  the 
original  variables  are  uncorrelated.  The  test  statistic  is  chi- 
square  distributed.  The  calculated  test  statistic  is  0.00; 
therefore,  the  null  hypothesis  cannot  be  rejected.  Thus,  further 
credence  is  lent  to  the  view  that  the  information  is  incompressible. 

(8)  Exercise  Results.  Following  this  use  of  the  principal 
components  routine  on  the  six  input  variables  is  a similar  exercise 
on  the  11  output  variables.  Means  and  standard  deviations  are 
followed  by  an  application  of  the  method  of  principal  components 
and  rotation  of  axes.  Tables  XX-XXIV  display  the  results  of  this 
exercise.  The  high  percentage  (94.0)  of  variance  is  accounted  for 
only  by  the  first  two  principal  components  in  Table  XXII.  Additional 
after  varimax  rotation,  the  first  two  factors  admit  to  improved 
interpretabi 1 i ty  without  sacrificing  any  of  the  information  inherent 
in  them.  The  factors  in  Table  XXIV  have  been  labeled  as  Ground 
Losses  and  Aircraft  Losses,  respecti vely . 

d.  Canonical  Correlation 

(1)  Background.  Canonical  Correlation  is  a technique  for 
analyzing  and  describing  the  relationships  between  two  sets  of 
random  variables  wherein  each  set  consists  of  multiple  measures. 


Table  XX,  Means  and  Standard  Deviations 
for  11  Output  Variables 
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Table  XXI,  High  Valued  Correlations 
for  11  Output  Variables 
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Table  XXII,  Principal  Components  for 
11  Output  Variables 
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Table  XXIII,  Factor  Pattern  Matrix:  Correlations  Between  Principal 


Table  XXIV,  Rotation  of  Principal  Components 
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B aTT  LOSS 
“BFTR  LOSS 
R ATT  LOSS 


B RHR  LOSS  1.9  7 3-1 

proportion  of  variance  acco'JnTeo  for  by  each  factor 
FACTOR  l VAR,  PROP • « ,9BZ 


Let  the  first  set  of  random  variables  consist  of  p variables, 
say  Xj,  X2,  Xp,  while  the  second  set  consists  of  q variables, 

say,  Y, , Y , ....  Y . The  objective  is  then  to  seek  a standardized 

1 2 q 

linear  combination  of  the  X's  and  a standardized  linear  combina- 
tion of  the  Y's  so  that  these  two  linear  compounds  have  as  large 
a simple  correlation  coefficient  between  them  as  possible. 

(2)  Coefficients . The  geometric  view  of  canonical 
correlation  is  that  of  finding  a transformation,  or  rotation, 
of  the  first  p coordinate  axes  and  a rotation  of  the  last  q 
coordinate  axes  to  a new  p+q-dimensional  system  which  more  clearly 
displays  the  intercorrelations  between  the  X and  Y variables. 

The  procedure  of  finding  maximally  correlated  linear  compounds 
may  be  continued,  subject  to  the  constraint  that  subsequent 
compounds  be  uncorrelated  with  previous  combinations.  In  this 
way,  a set  of  so-called  "canonical  variables,"  "canonical  weights," 
and  "canonical  correlation  coefficients"  are  generated.  The 
purpose  for  performing  this  procedure  is  the  hope  that,  in  a 
multivariate  situation,  the  first  few  canonical  variables  will 
impart  a high  percentage  of  the  information  carried  by  the  entire 
set  of  original  variables.  The  level  of  information,  which  may 
be  called  "a  high  percentage,"  is  user-defined.  It  is  not  unusual 
to  accept  levels  of  70  percent,  80  percent,  or  higher.  On  the 
other  hand,  the  literature  also  contains  references  and  examples 
in  which  the  50  percent  level  is  used.  Thus,  the  analyst 
can  reduce  the  number  of  variables  under  study  to  a more 
comprehensible  dimension. 

(3)  Predictor.  In  this  study  the  six  input  variables 
were  chosen  as  the  X,  or  predictor,  variables.  For  illustrative 
and  investigative  purposes,  four  distinct  sets  of  Y,  or  criteria 
variables,  were  selected  with  each  set  used  in  tandem  with  the 

X variables.  The  first  set  of  Y variables  chosen  consists  of  the 
three  variables  BFTRLOSS,  BATTLOSS,  and  BBMRLOSS.  The  second 
set  of  Y variables  consists  of  the  three  variables  RFTRLOSS, 
RATTLOSS,  and  RBMRLOSS.  The  third  set  of  Y variables  consists 
of  the  two  variables  BDIVL0SST0GR  and  RDIVLOSSTOAIR. 

The  fourth  set  of  Y variables  consists  of  the  two  variables 
RDIVL0SST0GR  (Red  division  losses  to  ground  forces)  and 
RDIVL0SST0AI  (Red  division  losses  to  air  forces). 

(4)  Predictions . Tables  XXV  - XXVIII  display  the 
statistical  outputs  from  these  exercises  of  the  canonical 
correlation  model.  Table  XXIX  lists  the  observed  and  pre- 
dicted values  for  case  number  four,  in  which  the  variables  are 
Red's  division  losses  to  ground  forces  and  to  air  forces. 
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Table  XXV,  Canonical  Correlation,  Case  1 


CANONICAL  CORRELATIONS _ 

^predictors  on  left  2 criteria  on  right 

CANONICAL  REGRESSION  COEFFICIENTS 

7990  2 9 • 74123  ——  

PREDICTOR  CANONICAL  REIGNTS 

BLUE  D|V  -.000  V,Of*~—  — 

BLUE  TOT  A/C  .SIS  -.839 

BL  A/C  Stiff  " .092  ' -.03 1 

RED  0 1 V .002  ,OSl 

RED  TOT  A/c  -7  BJ9  9 23 

red  A/C  SHlT  -.251  -.39# 

CRITERION  CANONICAL  *EIGhT5 
BDiVlOSSTOgR  .190  I.##* 

B01VL0SS2AIR  -|,||5  -1.97V 

FACTOR  STRUCTURE  oF_  PRED I C TORS  ,_C OLUHNS  are  FACTORS 
BLUE  OIV  -.000  -,02S 

BLUE  TOT  A/C  .515  -,#3* 

BL  A/C  SHLT  ~ ,092  -,03f 

REo  OlV  ___  _ ,002  .051  

REO  TOT  A/c  -,#|9  -,R2j 

REO  A/C  SHlT  -,*SI  -,399  

factor  variance  extracted  REoundanct 

I <167  .1*3 

* M*7  .09# 

TBTa'L  5TJTTI AHCr- EXT RFcTEETTrOH^REO | cTOTTS- • .333 

reounoanct  of  predictors  given  criteria  .242 

NOTE  That  all  VALUES  are  PROPORTIONS 
FACTOR  STRUCTURE  for  CRITERIA,  columns  are  factors 
BDiVlOSSTOgR  -.79#  ,A0* 

B0|Vl0SS2A|R T«997  .07* 

factor  Variance  extracteo  REoundanct 

1 . .815  ,799  

2 «|8S  ,109 

TOTAL  VARIANCE  EXTRACTED  FROM  CRITERIA  ■ 1.000 

TOTAL  REDUNDANCY  for  CRITERIA  given  PREDICTORS  ,908 

NOTE  THAT  all  VALUES  ARE  PROPORTIONS 

A I L K S LAMBDA  FOR  TOTAL  SET  • ,0079*90 

CHI  SQUARE  FOR  TOTAL  ■ 369.87802|2 

N • D • F • • 12 
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Table  XXVI,  Canonical  Correlation,  Case  2 


S 

^CANONICAL  CORRELATIONS 

6 PREDICTORS  ON  LEFT  3 CRITERIA  ON  RIGHT 


CANONICAL  REGRESSION  COEFFICIENT 
.99999  • 9 H 20  I .IH7H0 

predictor  cannomcal  ^eights 


BLUE  D|V 

-.000 

-.006 

-.130 

— 

— 

BLUE  ToT  A/C 

.002 

.931 

-.  JSH 

BL  A/C  SHLT 

-.0  01 

,200 

« 3HP 

red  o i v 

-.001 

,001 

.132 

red  tot  a/c 

-I ,000 

.00* 

.,000 

red  a/c  smlt 

-.001 

-.30* 

- , BHi 

criterion  canonical  weights 

R fTR  LOSS .OHS 2, OS 3 7, H|* 

R *TT  LOSS  ,003  -1.08*  -8, *80 

R 8HR  LOSS  .|,02|  - , 2 I **  2.02S 

factor  structure  of  predictors,  columns  are  factors" 

BLUE  0 1 V -.000  ..oos  .,(30  

BLUE  TqT  A/C  ,002  ,931  -,JSH 

BL  A/C  SHLT -.001 ,200 , 3H9 

red  DIv  -.001  ,001  ,lii 

red  tot  a/C  -1,000  ,002  -.000 

RED  A/C  SHlT  -.001  - , 30 A -.8HB 

factor  variance  extracted  redundancy 

1 .1*7  ,|*7 

2 , |*7  , IHS 

3 .1*7  ,00H 

TOTAL  VARIANCE  EXTRACTED  FROM  PREDICTORS  ■ .500 

REdDnDaNCT  of  PREDICTORS  GIVEN  CRITERIA  , 3 |_s 

NOTE  TwaT  all  values  ARE  PROPORTIONS 

FACTOR  STRUCTURE  for  CRITERIA.  COLUMNS  aR£  FACTORS 


R 

fTR 

LOSS 

-.HI  3 

.90H 

-.113 

R 

ATT 

LOSS 

-.58* 

,782 

-.213 

R 

BMR 

LOSS 

..999 

.092 

- » 00* 

factor  variance  extracted re o u n d a n c t 

1 .SOH  ,S0H 

2 , H 7*  , *t  2 1 

1 .019  ,000 

total  variance  extracTeo  Prom  criteria  • l.ooo 

total  REDUNDANCY  for  CRITERIA  given  PREDICTORS  ,927 

note  that  all  values  are  proportions  

A I L X S lANBDA  for  total  set  » ,0000030 

c h i souaRe  for  total  • 9s3,*iss3j9 

N.O.F.  ■ IB 


Table  XXVII,  Canonical  Correlation,  Case  3 


canonical  correlations 

a predictors  on  leTT  3 criteria  on  rUhT 
Canonical  regression  coefficients 


.99832  .90190 .99990 

PREOlCTORnrANNONICAL  ■V'EIGN'pr 


BLUE  DIV 

.003 

-.Oil 

,002 

BLUE  TOT  A/C 

.952 

-.309 

-.03* 

BL  A/C  SHLT 

-.10* 

-.222 

-.**5 

RED  Olv 

.002 

-.002 

.015 

red  tot  a/c 

.281 

,8*3 

-.209 

REn  A/c  SHLT 

.059 

.29* 

-,  | 55 

CRITERION  CANONICAL  AEIGhTS 

BFTR  LOSS  .230  ,7*8  9,978 

B aTT  LOSS  -.95*  2.392  ,,31*9 

B BUR  LOSS  1.593  -2,903  -S.*5I 

factor  structure  of  predictors,  columns  are  Factors 

BLUE  DtV  .003  -.Oil  ,002 

BLUE  TOT  A/C  **52  -.309  -,03* 

BL  A/C  SHLT  -.10*  -.222  -,9«S 

TTEo  oTv  TooZ  -.002  VO  15 

REO  TOT  a/C  .281  ,8*3  -.20* 

REo  A/C  SMLT  .059  ,29*  -.155 

factor  variance  extracted  redundancy 

1 ♦ 1*7  .16* 

2  » J *7 .135 

3 .1*7  ,09| 

total  variance  extracted  from  predictors  ■ ,soo 
Redundancy  of  predictors  given  criteria  ,392 

note  That  all  values  are  proportions 
factor  structure  for  criteria*  columns  *Re  factors 


BFTR  LOSS 

s_?9  3 , 3 08 

.122 

B ATT  LOSS 

.*28  . 7*1 

-.1*3 

B BMR  LOSS 

.897  ,925 

-.119 

factor  Variance  extracted 

REDUNDANCY 

1 

.*97 

,*99 

2 

.285 

.232 

3 

• 019 

,005 

total  VARIANCE  EXTRACTED  from  c*TTer7a  ■ 1.000 

TOTAL  REDUNDANCY  for  criteria  given  PREDICTORS  ,*30 

NOTE  That  all  VALUES  are  PROPORTIONS 

BILKS  LANBOA  FOR  TOTAL  SEf  ■ .00097*9 

C H | SQUARE  FOR  TOTAL  ■ 573, *97*852 

N.q.F.  • 18 
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Table  XXVIII,  Canonical  Correlation,  Case  4 


canonical  correlations 


a preoictors  on  left 


2 CRITERIA  ON  RIGHT 


CANONICAL  REGRESSION  COEFFICIENTS 
,>»H32  **»*j|7 

predictor  cannonical  weights 


BLUE  DlV 
BLUE  ToT  A/C 
BL  A/C  SHLT 
REo  01V 

• 00  ** 
-.737 
l*»6 
.00** 

,0**8 

-.*3’ 

,05* 

,09’ 



REo  TOT  A/C 

.***5 

-,*1°“ 

REo  a/C  shlt 

. 1 AH 

-,***0 

CR|Te«ION  CANONICAL  WEIGHTS 

RO  I VLOsSTOGR 

.063 

3,17* 

RD|VlOSS2AIR 

-.9*10 

3,030 

FACTOR  STRUCTURE  OF  PREDICTORS,  COLUMNS  are 

factors 

BLUE  DlV 

.00** 

, 0**8 

blue  tot  a/c 

-.737 

-,*3R 

BL  A/C  SHLT 

-.  1 •** 

,05$ 

REO  Olv 

.00** 

,09’ 

red  TOT  A/c 

. 6**S 

-,6|0 

REo  A/C  SHLT 

. 1 **** 

.,*1*0 

FACTOR  VARIANCE  EXTRACTED  REDUNDANCY 

1 

•1*7  .l*S 

2 

*167  ' .010 

total  VARIANCE 

EXTRACTED  FROM  PREDICTORS  ■ 

.333 

redundanct  of 

PREDICTORS  GIVEN  CRITERIA 

.205 

note  That  all 

values  ARE  PROPORTIONS 

factor  structure  tor  criteria*  columns  a«e 

factors 

RO 1 VLOSSTOgR 

• 9SS 

.29* 

*D!VlOsS2aiR 

-l.OQO 

,020 

factor  variance  extracted  redundancy 

i 

2 

.0****  * 1 0 1 1 

TOTAL  VARIANCE 

EXTRACTED  FROM  CRITERIA  ■ 

1.000 

total  REDUNDANCY  FOR  CRITERIA  GIVEN  PREDICTORS  ,95* 

NOTE  ThaT  aLL 

VALUES  ARE  PROPORTIONS 

W 1 L X 5 LAMBDA  FOR  TOTAL  SET  ■ .008S987 

CHI  S8UARE  for 

TOTAL  ■ 

359,0893059 

n.d.f . 


12 
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Table  XXIX,  Observed  and  Predicted  Values  for  Output  Variables 
(continued  on  next  page) 


OBS  RD! VLOsSTOC* 

OBs  RDIVL0SS2AIR 
P«D  RD J VLOSSTOGR 
PRq  RO I VL0SS2 A I R . 

• lOK.SE  1 *« • 7 lOX.ie 19.7I  ) 


• ) 1 38006*02 

.9990103*01 

__•  | 269389*02 
. | 1 65983*02 

• 1009735*02 
•1961232*02 
• l 1099 |9*02 
•8699559*01 

• 1 **05260*02 

,6260203*01 

• 1 1 25998*02 
•9790010*01 
. 1367996*02 
. 1075999*02 
.8929920*01 

• 1976003*02 

,3990103*01 
. 68&0089»o 1 
.13^9982*01 
,6629987*01 
, 9 6°00 1 6 ♦ o 1 
.1799976*01 

,9)31 180*01 
• 6966059*0 1 
•5e3l0|7«00 
.6919739*01 
,9359606*01 
, 1 6 1 3 1 7 2 ♦ 0 J 

• 1050008*02 

.89601 1 9*oi 

•9792887*01 

,8^93356*01 

• 1 032998*02 

.6599882*01 

• 1 060559*02 

•6250919*0) 

• 1 288992*02 

.2820006*01 

• | 378137*02 

•3|368|2*0| 

•9769988*01 

,72901 |6*0| 

• 102086  1*02 

.7289008*01 

• 1090997*02 

, 60&0057  *o ) 

• 1 0 H | |09*02 

,593l622*0| 

• 1 ) 89996*02 

,50^9676*0 1 

• 1 293006*02 

.6215933.01 

. 1229995*02 

,3809930*0 | 

• |2l 1969*02 

. 9 | 80316*0) 

. 1 070992*02 

, 6960099*0 1 

♦9851367*01 

.6961692*0) 

• 195500 1 *02 

, 1 5 70060*0 | 

• 1939701*02 

.Bs32S72«00 

• I 165997*02 

,95&007Q*0l 

» 1 156190*02 

.9895960*0) 

•90099 1 8*0 1 

. | o56QoO*q2 

•8992657*01 

.1060872*02 

. 1978007*02 

, 20000 1 7 *q  j 

• 191951 1*02 

,2| 0237S*0| 

• I 109998*02 

, 9999990*0 1 

• 1 1 29609*02 

.51656)6*01 

.9379931*01 

.96l’978*01 

• 8959870*0 1 

.9089950*0) 

• 1 9 1 7006*02 

.2650071*01 

• (358687*02 

*2617520*01 

.9799995*01 

.8899895*01 

.9937389*01 

.6812698*0) 

• 1 1 70005*02 

,9990022*01 

•1087681*02 

.9727279*01 

• 1 179992*02 

.5179906*01 

• | 223908*02 

.521 |067*0| 

. 1 1 99997*02 

,39399sT*01 

• i | 86582*02 

.9 | 35596*0) 

• 1 02 1 007*02 

.7290022*01 

• 1 03 1 | 1 7*02 

.7010829*0) 

• 1965005*02 

, 2 | 5997 1*01 

• | 905290*02 

.2695997*0) 

• 9*00057*0 1 

,81  lOOl l*oi 

•9908687*01 

.6)62172*0) 

• 1 1 1 5993*02 

,5650093*01 

• 1093999*02 

,5699822*01 

• 1236008*02 

,92’OQ99*oi 

. j 268697*02 

.9607899*01 

• 1096996*02 

,5090076*q1 

• 1 158798*02 

.5073700*0) 

• 1056997*02 

, 658008 1*01 

•9926617*01 

•6675898*0) 

• I 386000*02 

, | 300057*01 

• (957 168*02 

.2659373*00 

. 1 1 62999*02 

.5679987*01 

• 1 107610*02 

.5789800*0) 

• 8860030*0 | 

. | 05 1 009*02 

•8753285*01 

.1030670*02 

• 1 925006*02 

, t7«”01*01 

• 1 9 17900*02 

. 1820575*0) 

• 1 155993*02 

, 9270087*0 1 

. j (567 1 2*02 

.9579252*0l 

•9319976*01 

,9809676*01 

•8659995*01 

.9962615*01 

. 1 39600 1 *02 

,2380068*01 

. 1366212*02 

.2531675*01 

•981 0079*0 1 

,8259989*01 

. (039379*02 

.8205108*0) 

• 1080003*02 

.5670006*01 

• J 0395 1 6*02 

.5620658*0| 

• III  7009*02 

,981 0092*o| 

. (299971*02 

.9909096*0) 

. 1279998*02 

. 3(90076*01 

• j 208099*02 

.3598226*0) 

• 8709968*0 | 

,8070086*01 

.9625872*01 

•7900168*01 

• 1 191007*02 

.5920096*01 

. | 239396*02 

.6| 33368*01 
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Table  XXIX, 


Observed  and  Predicted  Values  for  Output  Variables 
(concluded) 


. 1 189996*02 

.3699976*01 

. | 168873*02 

.3899380*01 

. 1063999*02 

, 6300097*0 1 

• 1 03 1 8 36*02 

.6379699*01  

• 1 <407996*02 

. 1 789901 *01 

• | 908066*02 

. 1976985*01 

• 1 1 38006*02 

, 6 ) 39887*01 

. 1 1 16999*02 

,6  1 28889*01 

• 9*469929*0  | 

.9910118*01 

.9150969*01 

.8752067*01 

. 136  5 9’2* 02 

* 29599|7.0j 

. j 356729*02_ 

•2SO2S11>01 

.9609991 *01 

.8070086*01 

. 1 000351 *02 

. 8 | 9 | 336*0 | 

• 111  2996*02 

.5689968*01 

. 1083026*02 

.5663599*01 

. t <465005*02 

, 199Q099*0|  ■ 

. 1973156*02 

.1188238*01 

• 1 09*4992*02 

.53’0022*ci 

. 1 090902*02 

.6998633*0) 

• 87300 1 1 *0( 

,9710065*01 

• 8 760989*01 

,9670570*0) 

■ 1 93 9 9 9 3*02 

, 1860099*01 

. ( 398795*02 

.1919557*01 

.9699929*01 

. 9060030*01 

.9782036*01 

,9)25996*01 

• 1038000*02 

.5210105*01 

>1063] 08*02 

.5312938*01 

• 1 2 1 3996*02 

, 9 1 30095*01 

. | 286669*02 

.9292885*01 

. 1 1 86998*02 

, .4329979*0  1 

•|l6S9|i*02 

.9952389*0)  

.9990061*01 

,7780121*01 

.9680069*0 1 

•7612)68*01 

. 1 1 9 299*4*02 

.5690062*01 

. | 29995 1 *02 

.569  1 323*0] 

• 1 369007*02 

,2990036*01 

. 1 229629*02 

.3217093*01 

. 1008005*02 

, 7309’89*oi 

•9660272*01 

.7299076*01  

. 190599 1*02 

. [629997*01 

. 19  36658*02 

, 1 | 68266*01 

. 1093005*02 

,5350097*01 

. 1 199527*02 

,56(6772*01  

.8769923*01 

.9720096*01 

• 853921  |*0i 

.9*72909*01 

. 1 3 9 7 99 1 *02 

.2209877*01 

• 1 3 6 2j  9 9 *Q  2 

. . 22  1*451  1* 01 

. 1 001  992*02 

,7339927*01 

. 1037570*02 

,7575179*01 

. 1038993*02 

, 68’0008*q 1 

. 1 090388*02 

.6567757*01 

• 1 367003*02 

.3199895*01 

. 1 339929*02 

,3969829*01 

.96  19926*0 | 

,7879933*01 

• | 000923*02 

,7870127*01  

• 1 266003*02 

.9789679*01 

. 1099755*02 

.5017985*01 

*J 1 89  00 1*02 

.5350097*01 

, | 227972*02 

.5528231*01  

• 1 167008*02 

.9609957*01 

. 118739 1*02 

,9766960*01 

• I 062992*02 

,5900089*01 

. (025296*02 

.6063730*01 

• 1 90599  1 *02 

. 1710052*01 

, 1919531*02 

. 1 | 70100*01 

• 1 157003*02 

,5350097*01  . 

. 1 | 13029*02 

.5996799*01  

.89)0061*01 

, 1 0*20 1 3 ♦ q2 

•9125969*01 

,9690592*01 
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Further,  Figures  XVI 1 1 -XXI  graphically  display  the  values  of  the 
observed  and  predicted  variables,  while  Figures  XXII  and  XXIII 
are  graphs  of  predicted  values  versus  observed  values  for  the 
variables  RDIVLOSSTOGR  and  RDIVLOSSTOAI . Additionally,  these 
latter  figures  contain  the  simple  linear  regression  line,  its 
coefficients,  and  the  correlation  coefficient  between  the  observed 
and  predicted  values.  Figures  XVI 1 1 -XXI 1 1 were  generated  by  MIDAS, 
an  interactive  graphics  capability  available  at  CAA.  MIDAS,  TAGS 
and  MAS  were  integrated  in  the  purpose  of  creating  these  plots. 

7.  Applicability  of  the  Multivariate  Analysis  System.  The 
Multivariate  Analysis  System  is  designed  to  aid  the  analyst  in 
disentangling  the  complex  interrelationships  inherent  in  a 
multivariate  data  base.  In  the  case  at  hand,  the  data  base 
consists  of  81  observations  on  each  of  19  variables,  6 of  which 
are  input  variables  and  13  output  variables.  An  examination 

of  this  data  base  reveals  its  complexity  and  the  opportunity 
to  analyze  these  complexities.  This  problem  is  amenable  to 
techniques  which  form  the  Multivariate  Analysis  System. 

8.  Observations  on  Correlation  Coefficients.  Tables  VI  and  VII 
display  different  views  of  the  matrix  of  intervariable  correlation 
coefficients.  Table  VI  displays  the  complete  matrix  in  upper 
triangular  form,  while  Table  VII  displays  only  those  correlation 
coefficients  which  exceed  a user-supplied  threshold. 

a.  Threshol d.  In  this  work,  the  threshold  was  chosen  to 
by  0.80.  This  value  represents  a level,  chosen  subjectively, 
above  which  two  variables  are  considered  to  carry  essentially 
the  same  information. 

b.  Data  Reduction.  Twenty  (or  6.9  percent)  of  the  289  corre- 
lation coefficients,  exceed  the  stated  threshold.  One  common 
practice  in  the  art  of  data  reduction  is  to  eliminate  from  the 
data  base  variables  having  a high  correlation  with  several  other 
variables.  With  this  in  mind,  the  original  variables  BTOTGDLOSS 
RTOTGDLOSS  were  deleted  from  consideration. 

c.  Losses . There  is  a linear  connection  between  Red's 
initial  aircraft  inventory  and  Red's  bomber  losses.  Red's  losses 
of  bombers  are  a linear  function  of  Red's  initial  aircraft 
inventory,  a not  wholly  unexpected  result. 

d.  Concomitants.  FEBA  movement  has  a high  negative  correla- 
tion with  both  the  number  of  Blue  divisions  lost  to  ground  forces 
and  the  number  of  Blue  divisions  lost  to  air  forces.  As  the 
level  of  Blue's  divisional  losses  rises,  due  to  ground  or  air 
causes,  FEBA  progressively  tends  to  more  negative  numbers.  This, 
too,  is  an  expected  result.  Note,  however,  the  large  negative 
correlation  between  FEBA  and  Red's  division  loss  to  ground  forces. 
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Figure  XXII,  Plot  of  Observed  vs  Predicted  Values  for 
RDIVLOSSTOGR  With  Simple  Linear  Regression 


Thus  as  Red's  loss  in  this  category  increases,  then  FEBA  decreases. 
Since  eastward  movement  is  the  positive  direction  for  FE3A  and 
westward  movement  is  the  negative  direction,  this  large  negative 
correlation  coefficient  means  that  larger  Red  losses  are  concomitants 
of  increased  Red  advances.  Conversely,  smaller  Red  losses  are 
concomitants  of  diminished  Red  advances,  or  greater  Blue  advances. 

9.  Observations  on  Multiple  Regression.  Each  output  variable 
was  regressed  against  the  six  input  variables. 

a.  Good  Fits.  The  coefficient  of  determination,  also  called 
the  Multiple  R-Square,  ranged  from  a low  value  of  0.836  to  a 
high  value  of  1.000.  The  0.836  value  represents  that  83.6 
percent  of  the  variation  in  the  dependent  variable  has  been 
accounted  for.  Thus,  the  observation  can  be  made  that 
multiple  regressions  yield  good  fits  to  the  data. 

b.  Highest  Correlation.  In  each  regression  the  predictor 
variable  which  correlates  most  highly  with  the  criterion 
variable  is  either  BLUE  TOT  A/C  or  RED  TOT  A/C.  In  eight  of 
the  11  regressions,  BLUE  TOT  A/C  was  most  highly  correlated. 

c.  Values . The  values  of  the  highest  correlation  coefficients 
in  the  previous  paragraph  were  as  low  as  0.695  and  as  high  as 
0.999. 

d.  Variation.  Thus,  the  values  of  the  output  variables 
not  only  can  be  obtained  from  linear  combinations  of  the  six 
input  variables,  but  much  of  the  variation  in  these  variables 
can  be  accounted  for  by  information  contained  in  the  two  input 
variables  BLUE  TOT  A/C  and  RED  TOT  A/C. 

10.  Observations  on  Principal  Components.  A principal  components 
analysis,  followed  by  a varimax  rotation  of  two  factors,  was 
performed  on  the  11  output  variables.  Results  of  this  analysis 
are  in  Tables  XX  - XXIV. 

a.  Eigenvalues.  Since  there  are  11  variables,  there  are  11 
principal  components.  Each  principal  component  is  associated 
with  exactly  one  of  the  eigenvalues  of  the  correlation  matrix. 

b-  Relationships . Table  XXIII  displays  the  correlation 
coefficients  between  each  principal  component  and  underlying 
variable.  In  this  table  the  columns  represent  principal 
components  while  the  rows  represent  underlying  variables. 

For  example,  the  first  principal  component  correlates  0.883 
with  FEBA,  0.713  with  BFTRLOSS , and  0.319  with  BATTLOSS. 
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Thus,  using  0.75  as  a threshold  above  which  a correlation 
coefficient  is  considered  high,  Table  XXIII  shows  that  principal 
component  number  one  has  high  correlation  coefficients  with 
FEBA,  BDIVL0SST06R,  RFTRLOSS , RDIVLOSSTOGR,  and  RDIVL0SS2AI. 

By  the  same  standard,  the  second  principal  component  correlates 
highly  with  BATTLOSS  and  RBMRLOSS. 

c.  Factor  Pattern  Matrix.  An  examination  of  the  entire 
factor  pattern  matrix  in  Table  XXIII,  as  in  above  paragraph, 
shows  the  degree  to  which  each  principal  component  is  correlated 
with  the  original  output  variables.  The  nonzero  entries  in  the 
matrix  clearly  show  that  each  output  variable  is  represented  in 
the  complex  structure  of  each  principal  component.  However, 

Table  XXIII  also  shows  that  no  principal  component  after  the  second 
one  shares  a correlation  coefficient  with  any  output  variable 
higher  than  0.75. 

d.  Magnitude.  Table  XXII  shows  that  the  first  two  principal 
components  account  for  94  percent  of  the  variation  of  the  original 
variables.  A standard  practice  in  factor  analysis  is  to  discard 
principal  components  associated  with  eigenvalues  of  less  than 
1.00  magnitude.  The  decision  was  made  to  retain  only  the  first 
two  principal  components  for  purposes  of  further  analysis. 

e.  Loadings.  The  purpose  of  a varimax  rotation  is  to  maximize 
the  variance  of  squared  loadings  for  each  factor.  A new  set  of 
factors  then  preserves  the  information  carried  by  the  principal 
components  for  which  the  factor  pattern  has  very  high  and  very 

low  loadings.  Improved  interpretability  for  the  factors  results. 

f.  Rotation.  The  results  of  a varimax  rotation  on  two  prin- 
cipal components  are  shown  in  Table  XXIV.  It  can  be  seen  from  the 
new  factor  pattern  that  the  first  factor  correlates  highly  with 
the  five  output  variables,  BDIVL0SS2AI , RDIVLOSSTOGR,  BDIVL0SST0GR, 
FEBA,  and  RDIVL0SS2AIR.  These  variables  are  descriptors  of  the 
ground  battle.  Similarly,  the  second  factor  correlates  highly 
with  the  output  variables  RBMRLOSS,  RFTRLOSS,  BATTLOSS,  BFTRLOSS, 
RATTLOSS,  and  BBMRLOSS.  These  variables  are  descriptors  of  the 
air  battle.  These  observations  suggest  that  the  first  factor 

be  named  "Ground  Losses"  and  the  second  factor  be  named  "Aircraft 
Losses. " 


g.  Losses.  In  summary,  94  percent  of  the  variation  in  the 
values  of  the  original  11  output  variables  can  be  accounted  for 
by  two  factors,  Ground  Losses  and  Aircraft  Losses. 
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11.  Observations  on  Canonical  Correlation.  Four  distinct 
canonical  correlations  were  performed.  OrTly  the  fourth  case 
is  presented  in  detail. 

a.  Fourth  Case.  The  set  of  independent,  or  predictor, 
variables  for  the  fourth  case  consists  of  BDIV,  BAC,  BSHLT, 

RDIV,  RAC,  and  RSHLT.  The  set  of  dependent,  or  criterion, 
variables  for  the  fourth  case  consists  of  RDIVLOSSTOGR  and 
RDIVL0SS2AIR. 

b.  Maximization . The  canonical  correlation  program  produced 
a linear  combination  of  the  six  predictor  variables,  and  a 
linear  combination  of  the  two  criterion  variables,  so  that  these 
two  linear  combinations  have  a maximized  correlation  coefficient 
between  them.  Table  XXVIII  shows  that  the  results  of  this 
computation  are  that  (0.004)  BLUE  DIV  + (-0.737)  BLUE  TOT  A/C  + 
(-0.146)  BL  A/C  SHELT  + (0.004)  RED  DIV  + (0.645)  RED  TOT  A/C  + 
(0.144)  RED  A/C  SHLT  and  (0.063)  (RDIVLOSSTOGR)  + (-0.940) 
RDIVL0SS2AIR  have  a correlation  coefficient  of  0.99432. 

Similarly,  the  next  best  pair  of  canonical  variates  is  given  by 
the  second  column  of  weights  in  Table  XXVIII,  and  these  variates 
have  a canonical  correlation  coefficient  equal  to  0.49117. 

c.  Variates . The  first  canonical  variates,  with  its 
high  canonical  correlation  coefficient,  establish  a strong  link 
between  the  dimensions  of  the  problem  (1)  inherent  in  the 

two  criterion  variables,  and  (2)  defined  by  the  inputs  of  the 
predictor  variables.  These  dimensions  can  be  labeled, 
respectively,  the  "loss  structure"  and  the  "input  force  structure." 

d.  Predicted  Values.  Using  the  structure  produced  by 
the  canonical  correlation  program,  it  is  possible  to  generate 
predicted  values  for  RDIVLOSSTOGR  and  RDIVL0SS2AIR  from  any 
observed  values  of  the  input  variables.  Table  XXIX  displays 
the  observed  values  for  these  variables  alongside  the  predicted 
values  for  the  81  cases  in  the  data  base.  Columns  1 and  2 are 
the  observed  values  for  RDIVLOSSTOGR  and  the  observed  values 
for  RDIVL0SS2AIR,  respectively.  Columns  3 and  4 are  the 
predicted  values  for  these  variables,  respectively.  A 
comparison  of  Columns  1 and  3 reveals  a good  fit  of  predicted 
values  of  RDIVLOSSTOGR  to  observed  values  of  RDIVLOSSTOGR. 
Similarly,  a comparison  of  Columns  2 and  4 reveals  a close 
relationship  between  the  observed  values  of  RDIVL0SS2AIR  and 
the  predicted  values  for  this  variable. 
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e.  Graphs.  In  order  to  gain  further  insight  into  the  data 
of  Table  X X I V , graphs  were  plotted  which  display  the  case-by- 
case  variation  for  each  of  the  four  variables  under  discussion. 
Figures  XVIII  and  XX  represent  the  graphs  for  the  observed  and 
predicted  values,  respectively,  for  RDIVLOSSTOGR. 

f.  Similarity.  As  these  graphs  show,  the  observed  and 
predicted  values  not  only  fall  in  similar  ranges,  but  they 
increase  and  decrease  together.  Therefore,  a high  correlation 
coefficient  exists  between  these  two  variables.  This  issue  will 
be  pursued  below.  In  the  same  way,  there  appears  to  be  great 
similarity  in  the  behaviors  exhibited  in  Figures  XIX  and  XXI. 

g.  Behavior.  A high  degree  of  similarity  of  behavior 
appears  to  exist  between  the  observed  and  predicted  values 
of  RDIVLOSSTOGR.  In  order  to  display  this  relationship 
between  these  two  variables,  a graph  of  observed  RDIVLOSSTOGR 
versus  predicted  RDIVLOSSTOGR  was  plotted.  In  Figure  XXII,  the 
observed  values  of  RDIVLOSSTOGR  were  plotted  as  the  abscissa, 
and  the  predicted  values  of  RDIVLOSSTOGR  were  plotted  as  the 
ordinate.  The  points  appear  to  be  located  in  such  a way  that 

a straight-line  fit  would  be  appropriate.  Indeed,  this  was 
done  and  the  results  of  this  simple  linear  regression  are  also 
displayed  in  Figure  XXII. 

h.  Summary  of  Fit.  The  straight-line  fit,  which  was 
introduced  in  paragraph  g above,  may  be  summarized  as  follows: 

Predicted  RDIVLOSSTOGR  = 0.57  + (0.9501)  observed 
RDIVLOSSTOGR.  Additionally,  the  correlation  coefficient  between 
the  observed  and  predicted  variables  equals  0.9501. 
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